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Abstract

In this paper, we investigate deterministic learning in environments with disturbances. We will show that for a class of uncertain non-
linear systems with bounded disturbances, by using an appropriately designed adaptive neural controller, the disturbances are attenuated
and the system output tracks a periodic orbit in finite time. As radial basis function (RBF) neural networks (NN) are employed, this leads
to the satisfaction of a partial persistence of the excitation (PE) condition. By using the uniform complete observability (UCO) technique,
it is analyzed that partial estimated NN weights will converge to a neighborhood of zero, with the size of the neighborhood depending on
the amplitude of disturbances as well as on the control gains. Locally-accurate approximation of unknown system dynamics can still be
achieved in the stable NN control process. The approximation error level is influenced by the amplitude of disturbances. The obtained
knowledge of system dynamics can be reused in another control process towards stability and improved performance. Simulation studies
are included to demonstrate the effectiveness of the approach.
� 2009 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

Neural network (NN)-based identification and control
for uncertain systems have attracted tremendous interest
in the past two decades [1–14]. Initially motivated by the
learning and control abilities of human beings, NN control
should at least possess two properties: (i) be capable of
learning good knowledge online through stable closed-loop
control processes; and (ii) be capable of exploiting the
learned knowledge in the same or similar control tasks
towards stability and improved control performance
[15,16,20]. These two properties, however, have been less
investigated in the control literature. Specifically, the prop-
erty of learning knowledge from stable control processes

involves convergence of the estimated weights of neural
networks to their true or optimal values, which is not easily
achieved due to the difficulty in satisfying the persistence of
the excitation (PE) condition.

Recently, a deterministic learning mechanism was pre-
sented [15], by which an appropriately designed adaptive
neural controller is capable of learning the unknown sys-
tem dynamics in a closed-loop control process. The deter-
ministic learning is achieved according to the following
elements: (i) tracking control of the system states to a peri-
odic reference orbit; (ii) satisfaction of a partial PE condi-
tion by using localized RBF networks; (iii) exponential
stability of the closed-loop system along the tracking orbit,
including the convergence of certain neural weights to their
optimal values; and (iv) accurate approximation of the
unknown dynamics by the RBF network in a local region
along the periodic tracking orbit. A neural learning control
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scheme was also proposed which can effectively utilize the
learned knowledge towards improved control performance.
With deterministic learning, not only is the learning prop-
erty implemented through stable control processes, but the
control performance is also improved with the utilization
of the learned knowledge.

In this paper, we investigate deterministic learning from
neural control of a class of uncertain nonlinear systems
with bounded disturbances. It is known that when systems
are subjected to disturbances, stability and tracking perfor-
mance will deteriorate. Moreover, the existence of bounded
disturbances will make the analysis of parameter conver-
gence (i.e. learning) much more complicated. We will show
that by using an appropriately designed adaptive neural
controller, the disturbances are attenuated in the sense that
the system output tracks a periodic orbit in finite time.
With good tracking performance, the inputs of the RBF
network can still satisfy a partial PE condition, and expo-
nential stability of the nominal part of a closed-loop error
system is obtained. By using the uniform complete observ-
ability (UCO) technique [17,22], it is analyzed that the esti-
mated NN weights will converge to a neighborhood of
zero, with the size of the neighborhood depending not only
on the amplitude of disturbances but also on the control
gains. Locally-accurate approximation of unknown system
dynamics can still be achieved in the stable NN control
process. The approximation error level is influenced by
the amplitude of disturbances. The obtained knowledge
of system dynamics is stored in constant RBF networks,
and can be reused in another control process such that sta-
bility with good tracking performance can be guaranteed.

The rest of this paper is organized as follows. Preliminary
results are given in Section 2. The main result of learning from
the control with disturbances is presented in Section 3. A numer-
ical simulation to illustrate the effectiveness of our approach is
given in Section 4. The conclusion is given in Section 5.

2. Preliminaries

2.1. Localized RBF NN and PE condition

2.1.1. Universal approximation

It has been proven in Ref. [21] that any continuous func-
tion f ðZÞ, defined in any compact set XZ 2 Rq, can be
approximated by the following RBF NNs with sufficiently
large nodes and appropriately placed centers

f ðZÞ ¼ W �TSðZÞ þ eðZÞ; 8 Z 2 XZ ð1Þ
where W � is the ideal weight vector, SðZÞ is the basis func-
tion vector and eðZÞ is the approximation error assumed to
satisfy jeðZÞj < e� with a small constant e� > 0.

2.1.2. Spatially localized approximation

For any point Zf or any trajectory /fðZfðtÞÞ in compact
set XZ ; f ðZfÞ can be approximated by using a limited num-
ber of neurons located at a neighborhood of the point, or a
local region along the trajectory, i.e.,

f ðZfÞ ¼ W �T
f SfðZfÞ þ efðZfÞ ð2Þ

where SfðZfÞ ¼ ½sf1ðZfÞ; . . . ; sfmðZfÞ�T 2 Rm is a subvector of
SðZfÞ; sfiðZfÞ > s; i ¼ 1; . . . ;m, with s being a small posi-
tive constant, efðZfÞ is the approximation error with
kefðZfÞj � jeðZfÞk being small.

2.1.3. PE of localized RBF NN

The definition of the PE condition is given as follows
[18].

Definition 1 (PE condition). A piecewise continuous, uni-
formly bounded, vector-valued function Sf : ½0;1Þ ! Rm

is said to satisfy the PE condition, if there exist positive
constants a1; a2 and d such that

a1kck2
6

Z tþd

t
jST

f ðsÞcj
2 dlðsÞ 6 a2kck2

: ð3Þ

holds for any t P 0 and every constant vector c 2 Rm.

Based on Refs. [18,23], the following lemma is given in
Refs. [15,16], characterizing the PE property for RBF
networks.

Lemma 1 (Partial PE condition for RBF NN). Consider

any continuous periodic orbit ZðtÞ : ½0;1Þ ! Rq with period

T 0. ZðtÞ remains in a bounded compact set Xz with Xz � Rq.

Then, RBF networks W T SðZÞ with centers placed on a

regular lattice (large enough to cover compact set XzÞ and

regress subvector SfðZðtÞÞ defined in (2), is persistently

exciting almost always in the sense of (3).

2.2. Deterministic learning

A simple second-order nonlinear system with unit con-
trol gain is considered in [15]:

_x1 ¼ x2

_x2 ¼ f ðxÞ þ u
ð4Þ

where x ¼ ½x1; x2�T 2 R2; u 2 R are the state variable and
control input, respectively. f ðxÞ is a nonlinear function,
smooth but unknown.

To make state x in (4) track to a periodic reference orbit
xdðtÞ generated by the following reference model:

_xd1 ¼ xd2

_xd2 ¼ fdðxdÞ
ð5Þ

where xd ¼ ½xd1; xd2�T 2 R2 is the state variable and fdðxdÞ is
a smooth nonlinear function, an adaptive neural controller
was given by

u ¼ �z1 � c2z2 � bW TSðxÞ þ _a ð6Þ
where
z1 ¼ x1 � xd1; z2 ¼ x2 � a; a ¼ �c1z1 þ xd2: c1; c2 > 0 are
control gains. bW is the estimation of W �, and is updated by

_bW ¼ _eW ¼ C½SðxÞz2 � r bW � ð7Þ
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where eW ¼ bW � W �;C ¼ CT > 0 is a design matrix, and
r > 0 is of small value.

With the adaptive neural controller and the NN weight
updating law, for any periodic orbit /d,fxdðtÞ : t P 0g
starting from initial state xdð0Þ 2 Xd , and with
xð0Þ 2 X0; bW ð0Þ ¼ 0, it holds that [15]: (i) all signals in
the closed-loop system remain uniformly ultimately
bounded; (ii) the tracking error ~xðtÞ ¼ xðtÞ � xdðtÞ con-
verges to an arbitrarily small neighborhood of zero in finite
time T 0; (iii) the neural weight estimation bW f converges to
a small neighborhood of its optimal value W �

f exponentially
in finite time T 1 P T 0, and locally-accurate approximation
of f ðxÞ along trajectory /f is obtained as follows:

f ðxÞ ¼ W T
f SfðxÞ þ ef2ðxÞ ¼ W TSðxÞ þ e2ðxÞ; 8x 2 /f ð8Þ

where

W ¼ meant2½ta;tb�
bW ðtÞ ð9Þ

with ½ta; tb�; tb > ta P T 1, and both jef2j and je2j are of
small values.

2.3. Uniform complete observability [17]

Consider the linear time-varying system ½CðtÞ;AðtÞ�
defined by

_xðtÞ ¼ AðtÞxðtÞ
yðtÞ ¼ CðtÞxðtÞ

ð10Þ

where xðtÞ 2 Rn; yðtÞ 2 Rm, while AðtÞ 2 Rn�n;CðtÞ 2 Rm�n

are piecewise continuous functions. ½CðtÞ;AðtÞ� is called
uniformly completely observable (UCO) if there exist
strictly positive constants b1; b2; d, such that

b2jxðt0Þj2 P
Z t0þd

t0

jCðsÞxðsÞj2 ds P b1jxðt0Þj2 ð11Þ

for all xðt0Þ 2 Rn; t0 P 0, where xðtÞ is the solution of (10).
The conception of UCO and some lemmas in Ref. [17]

will be used to analyze stability and convergence of the
error systems in the next section.

3. Main result

3.1. Problem formulation

Consider the following system:

_x1 ¼ x2

_x2 ¼ f ðxÞ þ uþ dðtÞ
y ¼ x1

ð12Þ

where x ¼ ½x1; x2�T 2 R2 is the state variable, u 2 R is the
system input, dðtÞ is the uniformly bounded disturbance,
f ðxÞ is an unknown smooth nonlinear function. Since
f ðxÞ is unknown, an RBF neural network W �TSðxÞ is used
to approximate it in a compact set Xx � R2 with eðxÞ being
the approximation error.

For the convenience of our discussion, some standard
assumptions are given as follows.

Assumption 1. There exists an unknown small constant
e� > 0 such that the function approximation error eðxÞ
satisfies jeðxÞj 6 e� for all x 2 Xx.

Assumption 2. There exists a constant d� > 0 such that
jdðtÞj 6 d� with d� not necessarily known.

In the sequel, a second-order reference model is
described as follows:

_xdi ¼ fdiðxdÞ; i ¼ 1; 2

yd ¼ xd1

ð13Þ

where xd ¼ ½xd1; xd2�T 2 R2 is the state variable and
fdiðxdÞ; i ¼ 1; 2, is a known smooth nonlinear function.
The orbit of the reference model starting from the initial
state xdð0Þ is denoted as /dðxdð0ÞÞ (also as /d for concise
presentation). Without loss of generality, assume that the
state of the reference model is uniformly bounded in a
known compact set, i.e., xdðtÞ 2 Xd ; 8t P 0, and /d is a
periodic motion.

The objective is to design an adaptive neural controller
such that stability and tracking performance are guaran-
teed, and to analyze the effects of the bounded disturbances
to the convergence of RBF neural weights and to the RBF
network approximation of uncertain system dynamics.

3.2. Adaptive neural control design

In this subsection, an adaptive neural control scheme
will be given such that the output of system (12) can track
the output of reference model (13) with the tracking error
arbitrarily small.

The adaptive neural controller is given by

ua ¼ �z1 � ~c2z2 � bW TSðxÞ þ _aa ð14Þ
where

z1 ¼ x1 � xd1; z2 ¼ x2 � aa

aa ¼ �~c1z1 þ fd1ðxdÞ

~c1;~c2 are the control gains which will be determined in the
latter. bW is the estimation of W � and updated by

_bW ¼ _eW ¼ C½SðxÞz2 � r bW � ð15Þ
where eW ¼ bW � W � denotes the estimation error,
C ¼ CT > 0 is a design matrix, and r > 0 is any given con-
stant of small value.

Consider the following Lyapunov function candidate

V a ¼
1

2
z2

1 þ
1

2
z2

2 þ
1

2
eW TC�1 eW ð16Þ

The time derivative of V a along (12) and (13) satisfies

_V a ¼ �~c1z2
1 � ~c2z2

2 þ eW TC�1½ _bW � CSðxÞz2� þ dðtÞz2 þ eðxÞz2
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Let ~c2 ¼
P2

j¼0~c2j with ~c2j > 0. In view of the following
inequalities

� r eW T bW 6 � rk eW k2

2
þ rkW �k2

2

� ~c21z2
2 þ eðxÞz2 6

e2ðxÞ
4~c21

6
e�2

4~c21

� ~c22z2
2 þ dðtÞz2 6

d2ðtÞ
4~c22

6
d�2

4~c22

and update law (15), it yields

_V a 6 �~c1z2
1 � ~c20z2

2 �
rk eW k2

2
þ rkW �k2

2
þ e�2

4~c21

þ d�2

4~c22

:

ð17Þ

For any arbitrarily small constant d1 > 0, by properly
selecting ~c21;~c22; r, we have

d1 P
rkW �k2

2
þ e�2

4~c21

þ d�2

4~c22

: ð18Þ

Sequentially, from (17) and (18), one has

_V a 6 �~c1z2
1 � ~c20z2

2 �
rk eW k2

2
þ d1: ð19Þ

Then, it is clear that _V a is negative definite whenever
jz1j >

ffiffiffiffiffiffiffiffiffiffiffi
d1=~c1

p
; jz2j >

ffiffiffiffiffiffiffiffiffiffiffiffiffi
d1=~c20

p
; k eW k >

ffiffiffiffiffiffiffiffiffiffiffiffi
2d1=r

p
. Since

d1 > 0 is any arbitrarily small constant, by choosing
~c1 > 0;~c20 > 0 properly, (19) implies that z1; z2 and eW are
uniformly ultimately bounded (UUB).

For the purpose of achieving that z1 and z2 can approach
any small neighborhood of zero in finite time, the following
Lyapunov function candidate is imposed

V z ¼
1

2
z2

1 þ
1

2
z2

2 ð20Þ

By using the same controller (14) with different control
gains, i.e.,

uz ¼ �z1 � �c2z2 � bW TSðxÞ þ _az ð21Þ

with

z1 ¼ x1 � xd1; z2 ¼ x2 � az

az ¼ ��c1z1 þ fd1ðxdÞ

the time derivative of V z along (12) and (13) satisfies

_V z ¼ ��c1z2
1 � �c2z2

2 � eW TSðxÞz2 þ dðtÞz2 þ eðxÞz2:

Let �c2 ¼
P3

j¼0�c2j with �c2j > 0, in light of the following
inequalities

� �c21z2
2 � eW TSðxÞz2 6

k eW k2kSðxÞk2

4�c21

6
~x�2s�2

4�c21

� �c22z2
2 þ eðxÞz2 6

e2ðxÞ
4�c22

6
e�2

4�c22

� �c23z2
2 þ dðtÞz2 6

d2ðtÞ
4�c23

6
d�2

4�c23

it yields

_V z 6 ��c1z2
1 � �c20z2

2 þ
~x�2s�2

4�c21

þ e�2

4�c22

þ d�2

4�c23

ð22Þ

where ~x�; s� are obtained the same as in Ref. [15].
Since ~x�; s�; e�; d� are positive constants, for any arbi-

trarily small constant d2 > 0, by properly selecting
�c21;�c22;�c23, we have

d2 P
~x�2s�2

4�c21

þ e�2

4�c22

þ d�2

4�c23

:

Hence, (22) can be described as

_V z 6 ��c1z2
1 � �c20z2

2 þ d2:

By choosing �c1 ¼ �c20 ¼ c=2 with c > 0 any positive con-
stant, it holds that

_V z 6 �cV z þ d2: ð23Þ
Let q,d2=c > 0, integrating both sides of (23), it yields

0 6 V zðtÞ 6 qþ ðV zð0Þ � qÞ expð�ctÞ: ð24Þ
From (24), one obtains

X2

i¼1

z2
i 6 2qþ 2V zð0Þ expð�ctÞ:

For any l >
ffiffiffiffiffiffi
2q
p

, there exists a finite time T 1 such that, for
all t > T 1, both z1 and z2 satisfy

jziðtÞj 6 l; i ¼ 1; 2: ð25Þ

Remark 1. From the design process of adaptive neural
control, it is easy to see that two Lyapunov functions and
two corresponding controllers are used. The first one is
used to guarantee the UUB of all signals in the closed loop
systems and the second one is used to make zi converge to a
small neighborhood of zero in finite time T 1. Let
c1 ¼ maxf~c1;�c1g, c2 ¼ maxf~c2;�c2g, the controller is given
by

u ¼ �z1 � c2z2 � bW TSðxÞ þ _a ð26Þ
where

z1 ¼ x1 � xd1; z2 ¼ x2 � a

a ¼ �c1z1 þ fd1ðxdÞ

with adaptive law (15), these results can be obtained
simultaneously.

Remark 2. By using controller (26) with adaptive law (15),
for any t > T 1, one has k eW k2

6 2d=r, and thus, it holds
that k bW k2

6 2d=rþ kW �k2.

3.3. Deterministic learning with the PE condition

From (25), it is easy to see that, for any
t P T 1; z1 ¼ x1 � xd1 is close to zero. Then, x1 is as periodic
as xd1 for all t P T 1. At the same time, as
x2 ¼ z2 � c1z1 þ fd1ðxdÞ; z1; z2 are small and fd1ðxdÞ is peri-
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odic, x2 is also a periodic-like motion for all t P T 1. There-
fore, the partial PE condition of neural network bW TSðxÞ is
satisfied [15]. For the purpose of studying the learning pro-
cess of bW TSðxÞ, consider the following closed-loop system:

_z
_~W

� �
¼ A1 �bSTðxÞ

CSðxÞbT 0

" #
z
eW

� �
þ

bðdðtÞ þ eðxÞÞ
�rC bW

" #

ð27Þ
where z ¼ ½z1; z2�T; A1 ¼ ½�c1; 1;�1;�c2�; b ¼ ½0; 1�T.

According to the analysis in Ref. [15], by using the local-
ized property of the Gaussian RBF network, decomposing
(27), it yields

_z
_eW f

� �
¼

A1 �bST
f ðxÞ

CfSfðxÞbT 0

" #
z
eW f

� �
þ

bðdðtÞ þ e0fðxÞÞ
�rCf

bW f

" #

ð28Þ
and
_bW �f ¼

_eW �f ¼ C�fðS�fðxÞbTz� r bW �fÞ ð29Þ
where SfðxÞ is the subvector of SðxÞ which satisfies the PE
condition, e0fðxÞ ¼ efðxÞ � bW T

�f S�fðxÞ is the localized NN
approximation error along trajectory /x.

Remark 3. System (27) is referred to as the closed-loop
error system. Similar to (55) in Ref. [15], system (28)
without the last term is called the nominal part and the last
term is named as the disturbed term. It is important to
notice that the main difference between system (28) and
(55) in Ref. [15] is whether the disturbed term contains dðtÞ.
The disturbed term of (55) in Ref. [15] is sufficiently small,
and so the convergence of eW f to a small neighborhood of
zero can be established according to Lemma 5.2 in Ref.
[19]. In system (27), (28), dðtÞ is bounded (not small
enough), which makes the analysis of parameter conver-
gence much more challenging.

To analyze the stability and convergence property of
system (28), the UCO technique [17] and the partial PE
condition will be used. In the following, a UCO lemma
of ½C;AðtÞ þ KðtÞC� is presented, with AðtÞ;C;KðtÞ given by

AðtÞ ¼ A1 �bST
f ðxÞ

0 0

" #

;C ¼ �C 0 � � � 0
� �

KðtÞ ¼
0

CfSfðxÞ

� �
; �C ¼ ½0 1�:

ð30Þ

Lemma 2. Consider system ½C;AðtÞ þ KðtÞC�;where SfðxÞ
satisfies the PE, with the elements of SfðxÞ Gaussian RBFs.

Then, it holds that

(i) ½C;AðtÞ þ KðtÞC� is UCO, i.e., system (31) is UCO.
(ii) System (31) is exponentially stable.

_z ¼ A1z� bST
f ðxÞ eW f

_eW f ¼ CfSfðxÞbTz
sðtÞ ¼ CvðtÞ

ð31Þ

where vðtÞ ¼ colðzðtÞ; ~W fðtÞÞ.

Proof. Since SfðxÞ is the PE, for some d > 0 and any t > 0,
there exist a01; a

0
2 > 0, such that

a01 6
Z tþd

t
kSfðxðsÞÞk2 ds 6 a02:

Thus,
Z tþd

t
kKðsÞk2 ds 6

Z tþd

t
kCfk2kSfðxðsÞÞk2 ds 6 kCfk2a02,kd:

In light of Lemma 2.5.2 in Ref. [17], ½C;AðtÞ þ KðtÞC� is
UCO if and only if ½C;AðtÞ� is UCO. Namely, system (31)
is UCO if and only if (32) is UCO.

_z ¼ A1z� bST
f ðxÞ eW f

_eW f ¼ 0

s0ðtÞ ¼ CvðtÞ
ð32Þ

It is left to show that system (32) is UCO, i.e., that

s0ðtÞ ¼ CeA
1 ðt� t0Þzðt0Þ þ

Z t

t0

CeA
1 ðt� sÞbST

f ðxðsÞÞ eW fðt0Þds, s01ðtÞ þ s02ðtÞ

ð33Þ
satisfies, for some b01; b

0
2; d > 0

b01kvðt0Þk2
6

Z t0þd

t0

s0ðsÞ2 ds 6 b02kvðt0Þk2
: ð34Þ

As Sf is the PE and the elements of Sf are Gaussian RBFs, let
P ¼ ½ 1 0; 0 1 �; AT

1 P þ PA1 ¼ ½�2c1 0; 0 �2c2 � ,
Q < 0; Pb ¼ CT. In light of Lemma 2.6.7 in Ref. [17],R t

t0
CeA1ðt�sÞbST

f ðxðsÞÞds is the PE for all t0 P 0. That is, for
some k1; k2; m > 0 and any t1 P t0 P 0

k1k eW fðt0Þk2
6

Z t1þm

t1

s02ðsÞ
2 ds 6 k2k eW fðt0Þk2

:

On the other hand, since A1 is stable, there exist c1; c2 > 0
such thatZ 1

t0þmm
s01ðsÞ

2 ds 6 c1kzðt0Þk2e�c2mm:

Thus, there exists c3ðmmÞ > 0 with c3ðmmÞ increasing along
mm such that
Z t0þmm

t0

s01ðsÞ
2 ds P c3ðmcÞkzðt0Þk2

for all t0;m > 0.
Now, let n > 0 be another integer and let d ¼ ðmþ nÞm.

In light of inequality ðaþ bÞ2 P a2=2� b2, we have

Z t0þd

t0

s0ðsÞ2 ds P
1

2

Z t0þmm

t0

s01ðsÞ
2 ds�

Z t0þmm

t0

s02ðsÞ
2 ds

þ 1

2

Z t0þd

t0þmm
s02ðsÞ

2 ds�
Z t0þd

t0þmm
s01ðsÞ

2 ds

P
1

2
c3ðmmÞkzðt0Þk2 � mk2k eW fðt0Þk2

þ 1

2
nk1k eW fðt0Þk2 � c1e�c2mmkzðt0Þk2
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Let m be large enough to get

1

2
c3ðmmÞ � c1e�c2mm P

c3ðmmÞ
4

and n sufficiently large to obtain

1

2
nk1 � mk2 P k1:

Further, define

b01 ¼ in k1;
c3ðmmÞ

4

� �
ð35Þ

and similarly, let

b02 ¼ max 2c1; 2ðmþ nÞk2f g ð36Þ
Inequality (34) is obtained, thus, system (32) is UCO.
According to Lemma 2.5.2 in Ref. [17], let

b1 ¼ b01=ð1þ
ffiffiffiffiffi
kd

p
b02Þ

2

b2 ¼ b02ekdb
0
2

yields,

b1kvðtÞk
2
6

Z t0þd

t0

s2ðsÞds 6 b2kvðtÞk
2 ð37Þ

That is, system (31) is UCO.
To achieve the exponential stability of system (31),

choose the following Lyapunov function candidate

V ¼ 1

2
z2

1 þ
1

2
z2

2 þ
1

2
eW T

f C�1
f
eW f ð38Þ

The derivative of V along (31) is given by

_V ¼ z1 _z1 þ z2 _z2 þ eW T
f C�1

f
_bW f 6 �c1z2

1 � c2z2
2 ð39Þ

Integrating both sides of (39), it yields
Z tþd

t

_V ds 6 �
Z tþd

t
ðc1z2

1ðsÞ þ c2z2
2ðsÞÞds

6 �c2

Z tþd

t
s2ðsÞds 6 �c2b1kvðtÞk

2 ð40Þ

According to Theorem 1.5.2 in Ref. [17], system (31) is
exponentially stable. h

UCO property of system (31) results in its exponential
stability. System (31) is the nominal part of the localized
error system (28). Now, we focus on the convergence prop-
erty of system (28) and a lemma is given as follows.

Lemma 3. Consider system (28), where SfðxÞ satisfies the PE

condition with the elements of SfðxÞ Gaussian RBFs. The

state variable vðtÞ ¼ colðzðtÞ; eW fðtÞÞ converges to a neigh-

borhood of zero in finite time T 2 P T 1.

Proof. Choose the same Lyapunov function as that in
Lemma 2, the time derivative of V is given by

_V ¼ z1 _z1 þ z2 _z2 þ eW T
f C�1

f
_bW f

6 �c1z2
1 � c2z2

2 þ dðx; tÞz2 þ e01ðxÞz2 þ r eW T
1
bW 1

6 �c1z2
1 � ðc20 þ c21Þz2

2 þM1 ð41Þ

where c2 ¼ c20 þ c21 þ c22 þ c23 with c2j > 0; j ¼ 0; 1; 2; 3,
and M1 ¼ d�2=4c22 þ e�2=4c23 þ rkW �

1k
2
=2. It is important

to notice that M1 > 0 can be designed small enough by
selecting c22; c23; r properly.

Integrating both sides of (41), it yields
Z tþd

t

_V ds 6 �c20

Z tþd

t
z2

2ðsÞds�
Z tþd

t
ðc1z2

1ðsÞ

þ c21z2
2ðsÞ �M1Þds: ð42Þ

From (42), for any z 2 Z with

Z ¼ ½z1; z2�jjz1j >
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c1

p
; jz2j >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c21

pn o

it holds that
Z tþd

t

_V ds 6 �c20

Z tþd

t
s2ðsÞds 6 �c20b1kvðtÞk

2
: ð43Þ

Let a1¼min 1
2
;1

2
kminC

�1
f

	 

;a2¼min 1

2
;1

2
kmaxC

�1
f

	 

;a3¼ c20b1,

then, similarly to the proof of Theorem 1.5.2 in Ref. [17],

for all jz1j>
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c1

p
and jz2j>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c21

p
, one has

V ðvðt þ dÞÞ 6 ð1� a3=a2ÞV ðvðtÞÞ; 8 t P 0

V ðvðtÞÞ 6 V ðvðt0 þ kdÞÞ; 8 t 2 ½t0 þ kd; t0 þ ðk þ 1Þd�:

Choose for t the sequence t0; t0 þ d; t0 þ 2d; . . . ; it yields

V ðvðt þ kdÞÞ 6 ð1� a3=a2ÞV ðvðt0 þ ðk � 1ÞdÞÞ
6 ð1� a3=a2ÞkV ðvðt0ÞÞ
¼ mve

�kvðkþ1ÞdV ðvðt0ÞÞ ð44Þ

where mv ¼ 1
ð1�a3=a2Þ

; kv ¼ 1
d ln 1

1�a3=a2

h i
.

Consequently, for all t P t0 P 0 which satisfies
jz1ðtÞj >

ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c1

p
and jz2ðtÞj >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c21

p
, it holds that

V ðvÞ 6 mve
�kvðt�t0ÞV ðvðt0ÞÞ:

Similarly,

kvðtÞk 6 me�kðt�t0Þkvð0Þk ð45Þ
where m ¼ a2

a1ð1�a3=a2Þ

h i1
2

; k ¼ 1
2d ln 1

1�a3=a2

h i
.

From (45), vðtÞ exponentially converges with rate k > 0.
Then, there exists a finite time T 2 > 0, for all
t P T 2; jz1ðtÞj 6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c1

p
and jz2ðtÞj 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c21

p
. And

according to inequality (37), we have

k eW fðtÞk2
6 kvðtÞk2

6
1

b1

Z tþd

t
z2

2ðsÞds 6
M1d
c21b1

: ð46Þ

Consequently, vðtÞ exponentially approaches a neighbor-
hood of zero U in finite time T 2 with U given by

U ¼ vðtÞkz1ðtÞj 6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c1

p
; jz2ðtÞj 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1=c21

p
; k eW fðtÞk 6

ffiffiffiffiffiffiffiffiffiffiffi
M1d
c21b1

s( )

�
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Remark 4. It is important to notice that under the PE con-
dition of SfðxÞ, state variable z and localized weight error
eW f exponentially converge to a neighborhood of zero U

in finite time T 2 > T 1. The size of the neighborhood
increases along with jdðtÞj and decreases against c2, which
means that the disturbance may deteriorate the conver-
gence of bW to its ideal value W �, and high control gains
can be used to depress the influence of the disturbance
for the estimation of W �.
The mean value of bW ðtÞ is used in a time segment after the
transient process to estimate W � as follows:

W ¼ meant2½t1;t2�
bW ðtÞ ð47Þ

where t2 > t1 > T 2. Once t > t2; z and eW f approach a
neighborhood of zero, by deterministic learning theory
with the localized neural network, the dynamics of f ðxÞ
along trajectory /x is learned and can be described as

f ðxÞ ¼ W TSðxÞ þ �eðxÞ: ð48Þ
The approximation error j�eðxÞj depends not only on d�, but
also on the control gain c2.

The unknown dynamics of f ðxÞ along trajectory (12) is
learned by RBF NN bW TSðxÞ and stored in constant RBF
NN W TSðxÞ. Then, for all t > t2, the controller can be given
by

u ¼ �z1 � c2
^

z2 � W TSðxÞ þ _a ð49Þ
where

z1 ¼ x1 � xd1; z2 ¼ x2 � a

a ¼ �c1z1 þ fd1ðxdÞ:

Consider the following Lyapunov function candidate

V c ¼
1

2
z2

1 þ
1

2
z2

2 ð50Þ

The time derivative of V c along (12) and (13) with control-
ler (48), we have

_V c 6 �c1z2
1 � c20

^
z2

2 þM ð51Þ

where M ¼ d�2=4 c21
^ þ�e�2=4 c22

^
and c2

^ ¼ c20
^ þ c21

^ þ c22
^

with
c2j
^
> 0; j ¼ 0; 1; 2. Then, by properly selecting c1; c2

^
, state

z1 and z2 stay in a small neighborhood of zero.
Consequently, the following results are obtained.

Theorem 1. Consider the systems consisting of plant (12),

reference model (13), controller (26) with adaptive law (15).

For any periodic orbit /dðxdð0ÞÞ of the reference systems

starting from the initial condition xdð0Þ 2 Xd ; xð0Þ 2 Xx and
bW ð0Þ ¼ 0 with Xd and Xx some compact sets, one has

(i) All signals in the closed-loop systems are UUB.

(ii) The tracking error e ¼ y � yd exponentially converges
to a small neighborhood of zero in finite time T 1 > 0
by appropriately choosing design parameters.

(iii) The localized neural-weight estimation bW f converges to

a neighborhood U of its optimal value W �
f exponentially

in finite time T 2ð> T 1Þ with the size of U increasing

along with jdðtÞj and decreasing against c2. Approxima-

tion of system dynamics f ðxÞ along orbit /x is achieved

as shown by (48).
(iv) By using controller (49) with proper control gains, sta-

bility of the closed loop systems and good tracking per-

formance are guaranteed.

Remark 5. Learning control has been studied for a long
time. Many interesting approaches including repetitive
learning control [24], reinforcement learning control [25],
and iterative learning [26] have been proposed. Comparing
with these learning control approaches which mainly focus
on control problems, one distinguished feature of deter-
ministic learning lies in that it can acquire fundamental
knowledge of system dynamics from the stable closed-loop
control process. The knowledge can be effectively repre-
sented and be reused in closed-loop control to achieve sta-
bility and improved control performance.

4. Illustrative example

Consider the following system:

_x1 ¼ x2

_x2 ¼ f ðxÞ þ uþ dðtÞ
ð52Þ

where f ðxÞ ¼ �x1 þ 0:7ð1� x2
1Þx2 is assumed to be un-

known. d ¼ 0:5 sinðtÞ is time varying disturbance. The de-
sired trajectory yd ¼ xd1 to be tracked is generated by the
following Duffing oscillator [27]:

_xd1 ¼ xd2

_xd2 ¼ �a1xd1 � a2x3
d1 � a3xd2 þ b cosðxtÞ

ð53Þ

where xd ¼ ½xd1; xd2�T is the state variable, a1; a2; a3 are
parameters. For a1 ¼ �1:1; a2 ¼ 1:0; a3 ¼ 0:4;x ¼
1:8; b ¼ 1:498, the trajectory of the Duffing oscillator ap-
proaches a period-2 limit cycle with initial state
½xd1ð0Þ; xd2ð0Þ�T ¼ ½0:2; 0:3�T.

The RBF NN bW TSðxÞ is used to learn dynamics f ðxÞ
along the trajectory of (52), it contains 961 nodes (i.e.,
N ¼ 961Þ, and centers niði ¼ 1; . . . ;NÞ are evenly spaced
on ½�3:0; 3:0� � ½�3:0; 3:0� with width gi ¼ 0:2 ði ¼
1; . . . ;NÞ. Along the control design procedure, the control-
ler is given as follows

u ¼ �z1 � c2z2 � bW TSðxÞ þ _a

_bW ¼ _eW ¼ C½SðxÞz2 � r bW �
ð54Þ

where z1 ¼ x1 � xd1; z2 ¼ x2 � a; a ¼ �c1z1 þ xd2.
Choose the parameters and the initial states in the

closed-loop system as c1 ¼ 3; c2 ¼ 15;C ¼ diagð5:0Þ; r ¼
0:002; bW ð0Þ ¼ 0; xið0Þ ¼ 0; i ¼ 1; 2. The following simula-
tion results are obtained.

G. Zhou, C. Wang / Progress in Natural Science 19 (2009) 1011–1019 1017



First, the period-2 signal is employed as the reference
signal for training the RBF network. Fig. 1 shows the
tracking performance of the output of system (52) to the
output of reference model (53) in the learning process.
The parameter convergence is shown in Fig. 2, it is easy
to see that, due to time varying disturbance, the weights
are varying around their ideal values in some sense.
Fig. 3 shows that the weights along the trajectory are
excited sufficiently and those far away from the trajectory

are hardly excited. From Figs. 4 and 5, one can see the
good learning capability of NN along the trajectory, where
fnðxÞ ¼ W TSðxÞ. W is obtained by (47) with
t1 ¼ 450; t2 ¼ 500. Fig. 6 illustrates the knowledge repre-
sentation. It shows that the NN approximation by
W TSðxÞ is only accurate in the vicinity of the period-2 orbit,
rather than within the entire space of interest. Secondly,
Figs. 7 and 8 show the control input given in (49)
and the tracking performance, respectively, with
c1 ¼ 2; c2 ¼ 3.

Fig. 1. The tracking performance of x1 with xd1.

Fig. 2. Partial parameter convergence of bW .

Fig. 3. Weights excited along the trajectory.

Fig. 4. Learned dynamics of f ðxÞ along the trajectory.

Fig. 5. Approximation along period-2 orbit.

Fig. 6. Approximation in space.
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5. Conclusion

In this paper, we have shown that for a class of uncer-
tain nonlinear systems with bounded disturbances, deter-
ministic learning can still be implemented. By using an
appropriately designed adaptive neural controller and the
uniform complete observability (UCO) technique, it has
been analyzed that a partial PE condition is satisfied, and
partial estimated NN weights converge to a neighborhood
of zero, with the size of the neighborhood depending on the
amplitude of disturbances as well as on the control gains.
Locally-accurate approximation of unknown system
dynamics can still be achieved, with the approximation
error level influenced by the amplitude of disturbances.
The obtained knowledge of system dynamics can be reused
to achieve stability and improved performance.
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Fig. 7. Control input u of (49).
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